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1 Introduction

We consider the following process for growing a spanning tree, T, of a graph G starting
at some vertex s € V(G). Intially, T = (s,0) is the single vertex tree containing only s. We
then repeatedly select, uniformly at random, an edge from E(G) that has one endpoint in
V(T) and one endpoint not in V(T) and we add this edge to T. For an n-vertex connected
graph G, the tree T spans G after n —1 steps. We call this Process A. We are interested in
the height of the (random) spanning tree generated by Process A.

It turns out that there are several equivalent views of Process A. Consider the
following, which we call Process E (for exponential). On each edge of G we attach an
exponential(1) timer. When the timer on an edge vw rings the timer is immediately reset
and, if exactly one of v or wis in T, then the edge vw is added to T. We say that Process E
is complete once T spans G. Note that, by the memorylessness of exponential random vari-
ables, at any point in time, each edge is equally likely to be the next edge whose timer rings.
Thus, Process E produces spanning trees with the same distribution as those produced by
Process A.

Also, by the memorylessness of exponential random variables, Process E is equiv-
alent to selecting an exponential(1) edge weight for each edge of G and then computing
the shortest path tree rooted at s. We call this latter process Process FP (for first-passage
percolation).

Since these processes produce the same distribution of spanning trees, in the re-
mainder, T will refer to a spanning tree produced by Process A, Process E, or Process FP,
whichever is convenient. Since our Process A refers to an unweighted graph and Pro-
cess FP refers to weighted graph, we will use the convention that the length of a path P is
the number of edges in the path and the weight, W(P) of a path is the sum of the weights
on the edges in the path. The height, h(T), of T is the length of the longest root-to-leaf path
inT.

In this note, we show that the height of the tree T is (with high probability) O(A(D+
logn)), where n is the number of vertices in G, D is the diameter of G, and A is the max-
imum degree of any vertex in G. We also show that this bound is essentially tight by

presenting a family of graphs for which the the height of T is (with high probability)
Q(AD).




2 Inequalities for Sums of Exponentials

We will make use of two inequalities on sums of exponential random variables, both of
which can be obtained using Chernoff’s bounding method. If Zy,...,Z; are independent
exponential(A) random variables (so that they each have mean y = 1/1), then for all d > 1,

k k
Pr{ZZiSﬂk/d}Sexp(—k(lnd—1+1/d))5(2) (1)
i=1
and for all t > 1,
k
Pr{ZZi > ykt} <exp(k—-kt/2) . (2)
i=1

3 The Upper Bound

Lemma 1. If G has diameter D then, with probability at least 1 — n'=%X/2, the weight of the
heaviest root-to-leaf path in the tree T is at most K(Inn + D), assuming that K > 2.

Proof. Let v be a vertex of G such that there exists a path P = v,..., v, with k < D edges in
G from s = vy to v = vg. Let e; = v;_1v; be the ith edge on this path.

In Process FP, each edge ¢; is assigned an exponential weight X;. The path from s
to v in T does not have length greater than W(P) = Zle X;.

Pr{W(P)>K(Inn+D)} <Pr{Z; +---Z; > K(Inn+ D)}
<exp(k—-K(Inn+D)/2) (using (2))
_ k2

For each v € V(G), let W(v) denote the weight of the path, in T, from s to v, and define
W* =max{W(v): v € V(G)}. as the weight of the longest root-to-leaf path in T. For each
vertex v, G contains a path from s to v of length at most D. Therefore, by the discussion
above and the union bond,so

Pr{W*>K(Inn+ D)} < Z Pr{t(v) > K(Inn+ D)} <n' K2 0
veV(G)

We are now ready to prove an upper bound on the height of T.

Theorem 1. If G has diameter D and maximum degree A then,
Pr(h(T) > KAe(2lnn+ D) = O(n X4,

Proof. Let P =vg,vy,...,v; be some simple path in G starting at s = vy and let e; = v;_;v; be
the ith edge on this path. In the model of Process FP, this path has a weight that is the sum




of L independent exponential(1) random variables. Using (1), we obtain that for any w > 0
we have

Pr{W(P) < w) s(T)L .

If P appears in T, then either W(P) < 4Inn + 2D or the heaviest root-to-leaf path in T has
weight at least 4lnn+ 2D. Therefore, by Lemma 1 and (1),

Pr{P appearsin T} < —+ T

1 {e(4lnn+2D)\*
)

Let P be the set of all simple paths in G that start at s and have length L. The probability
that T contains any path from P, is at most

1 e(4lnn+2D L Ae(4lnn+2D L
L e
n L n L

since |P;| < AL. Finally, the probability that T contains any path of length at least L’ =
2Ae(4Inn + 2D) is at most

1 (Aedlnn+2D)\" 1 &, 2
;+;(f) <Z+L_ZL,2 <= O

4 The Lower Bound

Note that Theorem 1 is obviously asymptotically tight for graphs with maximum degree
A € O(1) and diameter D € Q)(Inn). For instance, Theorem 1 shows that, for constant d,

running Process A on a n/? x ... x n'/4 grid or toroidal grid produces a spanning tree of
diameter ©(n'/?).

However, Theorem 1 is not tight for some graphs, like the d-dimensional hyper-
cube, which has n = 29 vertices, maximum degree A = d/2 € O(Inn) and diameter D =d €
O(Inn). In this setting, a different argument shows that Process A produces a spanning
tree of diameter O (ln#) rather than the O(In” 1) bound given by Theorem 1.

It is natural to ask if one can eliminate or reduce the dependence on A in Theo-
rem 1. Intuitively, higher degree should produce spanning trees of lower diameter. How-
ever, the example of a sequence of D/2 (A —1)-cliques joined in sequence (see Figure 1)
shows that Process A may produce spanning trees of diameter QQ(DInA). Therefore the
dependence on A can not be eliminated entirely; there is at least a logarithmic dependence
on A.

Next we show that, in fact, a linear dependence on A is necessary: For any A and
any D € QO(logA), we can construct a graph G = Gp p of diameter D and maximum degree
A for which Process A produces a spanning tree of diameter (Q(AD). Thus, the upper-
bound of Theorem 1 is asymptotically tight for these graphs.

The graph G is obtained by gluing together two graphs H and I. The graph H has
high diameter and high connectivity. The graph I has low connectivity and low diameter.




Figure 1: A sequence of D/2 (A—1)-cliques gives a graph G with diameter D and maximum
degree A for which Process A produces a spannning tree of height (Q(DlogA).
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Figure 2: The graph H.

By joining them we obtain a graph of low diameter (because of I) but for which Process A
is more likely to find paths in H (because of its high connectivity). We begin by defining
and studying H and I independently.

4.1 The Ladder Graph H

Fix some integers L,0 € N to be described later and some constant a > 1, also described
later. Refer to Figure 2. The vertices of H are partitioned in to L groups Vi,..., Vi, each of
size 0. The edge set of H is

L—
EH)=| frw:veV,weV,}.
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First we show that H, under the models of Process E and Process FP has very low-
weight paths between its vertices. Assign an independent exponential(1) weight to each
edge of H. Let dy(v, w) denote the weight of the minimum weight path from v to w in the
resulting weighted graph.




Lemma 2. For any vertex v € V; and any vertex w € V;, j > 1,

exp(-r) ifj—i=1

Pr{dg(v,w)>t(j—i—1)/0+71)} < {exp((l —t/2)(j—i-1))+exp(-r) otherwise.

Proof. Consider the following greedy algorithm for finding a path from v to w: The path
starts at v (which is in V;). When the path has reached some vertex x € V, for k < j -1, the
algorithm extends the path by taking the minimum-weight edge joining x to some vertex
in Vi,1. When the algorithm reaches some x € V;_, it takes the edge xw.

Let m = j —i. Each of the first m —1 edges in the resulting path has a weight that is
the minimum of 6 exponential(1) random variables. Thus, the weight of these edges is the
sum of m — 1 exponential(6) random variables Xj,..., X, 1. By (2),

m—1
Pr{ZXg>t(m—l)/é}Sexp((l—t/Z)(m—l)) . (3)

(=1

The last edge in this path has a weight X, that is an exponential(1) random variable. From
the definition of the exponential distribution,

Pr{X,, >r} =exp(-r) . (4)

We complete the proof with the union bound:

Pr{dy(v,w)>t(m—-1)/0+r1} = Pr{ZXm > t(m— 1)/6+r}
(=1

m—1
< Pr{ZXg > H(m - 1)/5} +Pr{X,, > 1)

(=1
<exp((1-t/2)(m—-1))+exp(-r) . O

Note that the proof of Lemma 2 actually studies the length of the greedy path from

v to w; call this dlgireedy(v,w). For a fixed k, Pr{dgeedy(v,w) > k} is clearly maximized for v €
V, and w € V;. Therefore, by taking r = aL/(e?d) and t = a/e® (so that tL/6 +r = 2aL/(e*5))
we obtain the following special case of Lemma 2:

Corollary 1. Forany i and j and anyv € V;, we V;,

Pr{dy (v, w) > 2aL/(e*6)} < exp((1 — a/(2¢*))L) + exp(—aL/(e*5)) .

4.2 The Subdivided Tree I

Next, we consider a graph I that is obtained by starting with a complete binary tree having
L leaves and then subdividing each edge incident to a leaf [aL/0]— 1 times so that each
leaf-incident edge becomes a path of length [aL/5]. Note that I has height [aL/67+[log, L1.

Assign independent exponential(1) edge weights to each edge of I and, for two
leaves v and w, let d;(v, w) denote the weight of the unique path from v to w.




Figure 3: The lower bound graph G. Dotted segments denote subdivided edges (path of
length [aL/07).

Lemma 3. Pr{d;(v,w) < 2aL/(e?5)} < exp(—2aL/d)

Proof. The path from v to w in I contains at least 2[aL/6] edges. Therefore, the weight
of this path is lower-bounded by the sum of 2[aL/0] independent exponential(1) random
variables. The lemma then follows by applying (1) to this sum. O]

4.3 Putting it Together

The lower-bound graph G is now constructed by taking a tree I with L leaves and a graph
H with L groups Vi,..., V; each of size 6 = [ (A —1)/2]. Next, we consider the leaves of I in
the order they are encountered in a depth first-traversal of I and, for each i € {1,...,L} we
identify the ith leaf of I with some vertex in V;. See Figure 3.

Note that the graph G has maximum degree A < 20 + 1. Furthermore, every vertex
of G is either in I, or adjacent to a vertex in I. Therefore, G has diameter

D=2+2(InL+aL/d)=O(L/A) ,

for Le Q(AlnA).

Note that the graph G has three parameters a, L, and A, so we will call this graph
G(a,L,A).

Theorem 2. For every A > 3 and every L € QQ(AlnA), there exists a constant a such that If we
run Process A on G(a, L, d) starting at some vertex s € Vy, then with probability at least 1 -0y (1),
the resulting spanning tree contains a path of length at least L — 1.




Proof. In the Process FP view, we assign each edge of G an exponential(1) edge weight and
compute a shortest path tree T rooted at s in the resulting weighted graph. Consider the
path P in T from a vertex s in V; to an arbitrary vertex t in V. If P uses no edges of I, then
P uses at least L — 1 edges. If P does use some edge of I, then this implies that there are
two leaves v and w of I such that dg(s,t) > dg(v,w) > d;(v, w).

Using Corollary 1 and Lemma 3, we have
L ]
Pr{dy(v,w) > d;(v,w)} < (2) (Pr{dy (v, w) > 2aL/e?5) + Pr{d; (v, w) < 2aL/e’5})

< (;) (exp((1 - a/2¢?)L) + exp(~aL/(e?5)) + exp(~2aL/3))

This probability tends to zero as L grows, provided that a > max{4e?,3e?>5InL/L}. Such a
constant a exists whenever 6InL/L = O(1) i.e. for any L € Q(AlogA). O]




